ON A CERTAIN BASIS INc,

BY
M. ZIPPIN*

ABSTRACT
A basis {x,}2., is constructed in co such that there exists no bounded linear

projection of ¢p onto the subspace spanned by a certain subsequence
-] -]
{xnk}k=1 of {xn}n= 1

1. Introduction. A. Pelczynski raised the following question ([3], Problem 4):
Let {x,}x-; be a basis of a Banach space X. Is each subspace of X spanned by
some subsequence {x, }i=; of {X,}a=1 complemented in X?

In this paper we show that the answer is negative by constructing a suitable
example in ¢,. Our main tools are the following two propositions:

ProrosiTioN 1. (See [1] Theorem 3.) It*! can be isometrically imbedded
into 12, and every linear projection P of 1% onto IY*' has norm

|P|z(+12"" ([n’;Z]) :
([n/2] denotes the greatest integer < n[2.)

ProrosITION 2. (See[2] p. 16, Corollary 3.) If E is a finite dimensional subspace
of a Banach space X for which X** is a P, space and there exists a projection
with norm ¢ from X onto E, then E is a P,, space. (X is called a P, space if for
every Banach space Z containing X there is a linear projection P from Z onto
X with | P| £7y.)

If {x;},.; is asetof elements of a Banach space X then [x,];.; denotes the
closed linear space spanned by {x;};c;- We denote by {e]}?~, the usual basis
of 1%, and by {f;}?, the corresponding biorthogonal functionals in 12" = (I%)*.

2. Preliminary lemmas. Denote by A, the matrix

1 1
1 -1
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and let 4, (k > 1) be the matrix obtained from A,_, by substituting 4, for + 1
and — A4, for — 1. It is easily proved that 274, is a 2" x 2" symmetric orthog-
onal matrix. Denote by a,7; the elements of 4, and 2" by g(n).

LeMMa 1. A, is obtained from A, by substituting + A,_, for 1 and — A,
for -1, k=2,3,4,---.

The proof follows by induction from the definition of A4,. As a consequence of
Lemma 1 we get

LEMMA 2. For 2=n, 1SiZ<gin—1) and 1<5j<sglh-1)
aj;= a’s',}la 4} jrgm-1) = a?,;l
ar+x(n—1),j = a?,;'l and afypm-1y,j+5-1) = — a'i',;l'
3. A basis in 12", Denote by E, and F, the subspaces

-1 -1
[e+ ei"+g(n-1)]fg'1 ) and [¢]' - €ltg(n-1) o

of 15®respectively, and let T, be the transformation from 15"~ 1 to E,, defined by

g(n-1) ‘ gn—1)
- n n
T;,( jgi Cjej ) = j§1 Cj(ej + ej+g(u—1))'

It is obvious that T, is a linear isometry onto E,.
Let us denote x'= Zf)a] e}

LeMMA 3. For 2<n and 1Zi<g(n—-1), T,(x}" " =x.

I

g(n-1)
Proof. T(x*" 1) T,,( z a’,',}‘e’l'-"‘)
j=1
szl A—1rn n
le a; ; (€ + €jign-1y)

2(n)
= 2 a;" je:'.
1=1
The last equality follows from Lemma 2.
Let y'=x;" for i =1,2 and define

Ty:! 1sisglk—1)
yi= e;‘-g(k—l) — e gk-1D)+1=i<gk)
x; i=g(k)

for k> 1.
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Denote by I(n) the set {i:i=g(k),0 <k =n}.
LeMMA 4. For n21 and iel(n), x!'=yi.

Proof. The case n =1 is clear. Suppose that x! = y* for k <n and ieI(k).
By the definition yj, = xju). Since I(n) = {g(n)}UI(n—1), if iel(n) and
i<g(n) then ielI(n—1); therefore, by the induction hypothesis

Vi= Ty = Tx] ™ =l

(The last equality follows from Lemma 3.)

LeMMA 5. Forn 21, g(n — 1) S k £ m < g(n) and every sequence of scalars
{ci}’i”= 1

g(n—1) " n
El clel + €agn-1)) ”

g(n~-1) k
< % cfel + e?+g(n-1)) + z ci(e?—g(n—l) -¢ II
i=1 i=g(n-1)+1
g(n—1) m
n n
s 2 cfe+ elgm-y) F p> clei-gm-1) =€) "
i=1 i=gn-1)+1

We omit the trivial proof.

LemMmAa 6. For k=1, 1Sn=<q=<g(k) and every sequence of scalars
{8

)

n q
) cfy!‘" §2"E ciyi‘”
i=1 t=1

Proof. The case k=1 is obvious. Suppose (1) holds for kK < m and let us
prove the assertion for k = m + 1. We discuss separately the following four cases:
(@) g = g(m)
In this case (1) follows from the definition of y*, the fact that T, ., is a linear
isometry from 15 onto E,,, and from the induction hypothesis.
(b) gm)<n<qg<gm+1)
By the definitions of T, ., and yj**, ! €E,,  for 1 <i < g(m); Therefore

g(m) +1 g(m) +1 .1
m "
eyt =X b+ e rem)
i=1 i=1

for some by,b;, by On the other hand, for g(m)<i<g(m+1)

yrtl=entl,, — ety hence, by Lemma 5
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g(m)

+1 +1
E'l be " + ey pmy)

m+1

)y i
i=1

@

n
m+1 m+ 1
+ t=g§)“ ci(ei~g(m)"ei )

|

g(m)
+1 +1 +1 +
é “ E bi(eim + ei"':-g(m)) + Z ci(e?—g(m) — e'," 1 "
i=1 t=g(m)+1

©nsgm<qg=gm+1)
yrtleF, ., for gm)<iZgm+1) (Vi1 €Fmes by Lemma 2), therefore

g mi1 S +1 +1
X ittt =2 d(ett - €l g(m)
1=g(m)+1 i=1
for some d,,d,, -, dgm. If
e D +1 +1
Z oyt = X b + g my)s
i=1 i=1
(as in (b)) then, by Lemma 5,
£ +1 £m +1 +1
IIE:I ey “ = Eﬂl ble™ " + e g(m) “
5 mt1 +1 i +1 +1
= ia blel™ " + €l g(m) +i—21 dger —e’&-g(m))u
. +1
= ?- ayr

From case (a) it follows that

g(m)

zeorls2 |2 arl

“i eyrtil g2
=1

(d) gm)<nSg=gm+1)

Denote by P, ., the projection of 15™*onto the one-dimensional subspace
[xFent1y] defined by
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P = ( +1( ) — f;(:n-}-l)(x))xg(m+1)

(According to §1 {f;"**} denotes the usual basis of 1+ 1)) It is easy to see that
| Pn+1]=1 and that P, y/"**=0 for 1 Si< g(m+1)— 1. Hence, I — P,
is a projection of I£™* Yonto [y * 1 ¥+ 1~ 1along [Vsom+1y] and | I=Pp.q] 2.
Since n > g(m), it follows from (2) that
g(m+1)~1

m+1
C1yi

5 et s
i=1

"(I Pm+1) (E C‘y"”'l) “ <2 liiél c,y:"“

This concludes the proof of Lemma 6.

4. A non-complemented subspace of ¢,. Denote by {¢;},2, the usual basis
n ¢, and let U, be the natural linear isometry from /™onto

+1)-1 ¢(n) g(n)
n - n
[ei]ig=x(n) n=0,12,-.. (Un (51 ciei) = igl ciei+z(n)-1)-

Put z'=¢; and z}=U,(}) for n=1 and 1<i < g(n).

LeMMA 7. The sequence {23} ,_0.1.,... in its natural order

o1 .1 .2 2 _2 2
21521522921,23,23,2Z4,"""

forms a basis in c,.

Proof. Obviously [2/1¥%) ,-0.1.2,.. = Co-

If g<r=<g(m+1) then by Lemma 6

gk q
(3) llz ( ) E m+l m+1

g(k) q
= max ‘max { k_k "}’ z m+1 m+1 "}

k=m i=1 i=

g(k) r
< max { max { z cfz'{“: E mtlymit n}

ESm i=1

ItA

2(k)
2“2 ( 121)'*‘ Ec’”“ mtl

Similarly, for m>n, g < g(n+1) and r < g(m + 1) it follows from (3) that
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n g(k)
(4) z (z cizi) + z cn+1 nt1 l
k=0 i=1
n g(k) g(nt1)
é z (E ngi ) + Z ci"“z','“ "
k=0 i=1
g(k)
= 2 max { IEC"zf H}
ksn+1 i=1
g(k)
<2 max{ max ( k2, “} m"z”""1 }

ksSm

2|5, (Bat) + £ aen |

The last inequalities show that the sequence {z}} in its natural order forms a
basis in ¢, and Lemma 7 is proved.

By [1], p. 459, [x{]; c 1) is isometrically isomorphic to I"*! and since U, is
a linear isometry, we get by Lemma 4 that [Z}]; .y, is also isometrically isom-
morphic to I1*'. Suppose that P is a bounded linear projection from c, onto
the subspace Y spanned by the sequence {z;}; ¢ ;) n=0,1,2,:--. It is obvious
that the sequence {z;'}; ¢ ;my # = 1,2,-- forms a basis in Y. From the proof of
Lemma 7 it follows that there exists a sequence of projections {Q,} from Y onto
[z7; e 1y With IQ,, “ < 2. Now, Q,P is a projection from c, onto [z]; ¢ ys) and
|[ Q,P|| 2| P|; ¢g*=m is a P, space; it follows from Proposition 2 that I3**
is a P, space, n = 1 2,3,+, where y =2 P|. This contradicts Proposition 1;
therefore, there exists no bounded linear projection from ¢, onto Y. Since Y is
spanned by a subsequence of the basis {z/}{¥; n =0, 1, 2, .- of ¢, we have con-
structed the desired example.

As J. Lindenstrauss has remarked, a similar example can be constructed in the
reflexive space Xi-; @ ,1& @) The proof will be almost the same.
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